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1. OVERVIEW

My research interests lie in number theory, specifically in arithmetic geometry and arithmetic statistics.
Arithmetic geometry involves exploiting geometry to study equations defined over the rational numbers Q
and, more generally, over other fields of arithmetic interest such as number fields, p-adic fields, or finite fields.
Arithmetic statistics, broadly interpreted, encompasses fundamentally quantitative questions about prime
numbers, number fields, solutions to equations, and other central objects of number theory.

Rational points lie at the heart of the intersection of these areas. Given a system of polynomial equations
with coefficients in Q, a rational point is a solution in rational numbers to the defining equations. More
generally, a K-point is a solution in a field K containing Q. The study of rational points dates back to
antiquity, and despite centuries of progress, remains a source of profound mystery, even underpinning some
modern cryptographic protocols. This brings us to the first of two motivating questions around which my
research centers.

Question 1. Given a system of equations defined over Q, what quantitative statements hold for the set of
rational points?

Denoting our system of equations by X and its set of rational points by X (Q), one can ask about the
size of X(Q), or merely attempt to determine whether it is infinite, finite, or empty. This deceptively simple
question is deep and often challenging to answer, while intimately related to the underlying geometry of X.
For example, when X defines a curve, Faltings’ theorem states X (Q) is finite whenever the genus of X — a
geometric invariant measuring the complexity of a curve — is at least two. In this case it is often still difficult
to determine whether any rational points exist at all on a given X.

Oftentimes, we can gain valuable insight about typical and extremal behavior by instead allowing X to
vary within a family of interest. This leads to our second central motivating question.

Question 2. Given a family of systems of equations defined over Q, how many have a rational point?

A common theme in answering Question 2 is to first understand local behavior, that is, to understand
how often X has solutions in the real numbers R and the p-adic numbers Q,. The latter boils down to
studying the defining equations of X up to powers of a prime p. If X has R-points and Q,-points for all
primes p, we call X everywhere locally soluble. In special cases, such as for X given by the vanishing of
a quadratic form, everywhere local solubility is sufficient to guarantee X has a rational point; this is known
as a local-to-global principle, or Hasse principle. In general, however, everywhere local solubility is not
enough to guarantee X has a rational point. This motivates modifying Question 1 to consider X (Q,), or
Question 2 to consider how often X in some collection satisfies the local-to-global principle.

Questions 1 and 2 guide my research in multiple directions, three of which I highlight here:

Points on hypersurfaces (§2). In the family of cubic hypersurfaces in projective space, we give a precise
numerical answer to Question 2 through careful study of p-adic solubility in this family (see Theorem 3,
[BK25b]). We also consider a conjecture due to Artin, and prove that hypersurfaces of degrees 5 and 7 in
enough variables over Q,, always have Q,-points when p is sufficiently large (see Theorems 6 and 7, [BIX25a]).

Generalized Fermat equations (§3). We characterize a local-to-global principle for integral solutions to
equations of the form z2 + By? = Cz", both geometrically in terms of descent, and algebraically in terms of
class groups of orders of quadratic fields (see Theorem 8, [DRIKK™]). We also study how often they satisfy a
local-to-global principle (see Theorem 9, [DRIKK ]).

Superelliptic curves (§4). We show that for 96.94% of degree 6 forms f(z,z), the curve given by
Ct:y® = f(z,2) is everywhere locally soluble (see Theorem 12, [BK23]). For these and similar curves, we
count number fields K coming from K-points of certain degrees (see Theorem 13, [Key22, BK26]).

Throughout, I highlight potential future directions and opportunities for student involvement within my
research program. Some additional topics and potential projects are discussed in §5.
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2. POINTS ON HYPERSURFACES

A degree d hypersurface in n-dimensional projective space P™ is given by the vanishing of an integral
homogeneous degree d polynomial f(xo,...,z,) and denoted X; C P™. Such f are also known as degree d
forms. Thus, the study of points on degree d hypersurfaces X and nontrivial zeros of degree d forms f go
hand-in-hand. Motivated by Question 2, for fixed degree d and dimension n, we seek to understand how often
Xy has a rational point. To make sense of “how often,” we use a height function ht(f) which associates a
positive real value to f, allowing us to define natural densities

pan = lim #{f :ht(f) < B, X;(Q) # 0} ELS _ i #{f :ht(f) < B, Xy is everywhere loc. SOI.}.

Ba #{f nt(f) < B} » Pdn T IR #{f hut(f) < B}

We should think of the density pg, (resp. p5=5) as a proxy for the probability that a randomly chosen
degree d hypersurface in P" has a rational point (fesp. is everywhere locally soluble). Let pg,(p) and pg,n(c0)
be the probability that a random X has a Q,-point and R-point, respectively. Poonen and Voloch [PV04]
showed that these probabilities are independent in a strong sense, establishing a product formula

pie = pan(00) IT, pan(p)- (1)

Exciting recent work of Browning, Le Boudec, and Sawin [BLBS23] shows that when n > d, (n,d) # (3,3),
we have pg,, = pdE’I;LS7 settling a conjecture of Poonen and Voloch [PV04] (except for cubic surfaces in P?). In
other words, in these cases 100% of X satisfy the local-to-global principle. Moreover, if we can access the

local probabilities pq ., (p), we can give an explicit answer to Question 2 for degree d hypersurfaces in P™.

2.1. Cubic hypersurfaces. In joint work with Beneish [BK25b], we answer Question 2 for cubic hypersur-
faces in P" for n > 4. Following [BLBS23] and (1), we have p3 ., = [[, p3,n(p), and we give a formula for the
local probabilities ps3 ,,(p), as rational functions uniform in p.

Theorem 3 (Beneish-K. [BK25b, Theorem 2.3]). For all n > 1, there exist explicit rational functions
R, (t) € Q[t] such that p3 n(p) = Rn(p).

When n > 9, p3 »(p) = 1 was known due to Lewis [Lew52], and p3, = 1 was shown in celebrated work of
Heath-Brown using the circle method [HB83]. The proof of Theorem 3 also recovers a result of Bhargava,
Cremona, and Fisher computing pg’gs, i.e. the likelihood that a plane cubic curve is everywhere locally soluble
[BCF16]. A striking feature of Theorem 3 is the uniform nature of the local probabilities p3 ,(p) (see e.g.
Theorem 12, where in a family of superelliptic curves, similar local probabilities are not given uniformly by a
rational function). This uniformity is explored further for hypersurfaces of higher degree in §2.2.

Theorem 3 is established by studying when points on the reduction of Xy modulo p lift to Q,-points
on Xy. To further illustrate the explicit nature of this approach and the results, consider the case of cubic
surfaces in P3. Our methods, together with the remaining open case of Poonen and Voloch’s conjecture, yield
the following.

Conjecture 4 (Beneish-K. [BK25b]). The density of cubic surfaces in P3 with a rational point is given by

_ (8p°%+p** +p**+4p*> —3p>' +3p*° +2p" 0 4+2p'8 —p' T4p +p'® —2p 2+ 3p"  43p7 ) (p7+1) (p+1)* (p— D' | __
P33 = Hp (1 - PP+ D+ D (oD (p3+ 1) (p5—1) ~ 0.999927.

2.2. Artin’s Conjecture. An analogue of the uniformity in p present in Theorem 3 was conjectured by
Artin for higher degrees. He conjectured that for all degrees d and n > d?, every degree d homogeneous
polynomial f € Qp[zo,...,z,] has a nontrivial zero in Q,. In geometric language, every degree d hypersurface
X;/Q, in sufficiently many variables has a Qp-point. This conjecture was shown to be false by Terjanian, who
constructed a counterexample with d =4, n = 17, and p = 2 [Ter(66]. However, in all known counterexamples
to the conjecture, d is composite and divisible by p — 1, leaving us with a tantalizing question:

Question 5. If d is prime, does every degree d form f € Qplxo, ..., z42] have a nontrivial zero in Q,?

Question 5 has been answered in the affirmative for d = 2,3 due to Hasse and Lewis [Lew52], respectively.
Ax and Kochen showed that for fixed d, if p is taken sufficiently large, the answer to Question 5 is “yes”
[AKG65]. Actually pinning down how large p has to be for their results to be effective is challenging.



In low degrees, a p-adic minimization procedure dating back to Birch-Lewis [BL59] and Laxton-Lewis
[LL65] has proven fruitful. Their strategy was to reduce to the case of finding nonsingular solutions to
f modulo p, which may be lifted to zeros of f in @, via Hensel’s lemma. This strategy breaks down for
primes d > 11, since such d can be written as the sum of composite numbers, permitting the reduction of Xy
modulo p to have totally nonreduced nonlinear components. In joint work with Beneish, we improve the
state-of-the-art in degrees 5 and 7.

Theorem 6 (Beneish-K.). If p > 5, every quintic form f € Qp[xo,...,z25] has a nontrivial zero in Q.

In the quintic case, our onging work builds upon further refinements and extensive computations [L.Y 96,
HB10, Dum17]. Making further progress has involved carrying out a search for nonsingular zeros in a family
of quaternary quintic forms defined over the finite field F,,. One key innovation needed to successfully carry
out this search for p > 7 and prove Theorem 6 is an implementation in C++/CUDA, run on modern GPUs,
taking maximal advantage of parallelization opportunities in the search algorithm.

Theorem 7 (Beneish-K. [BK25a]). Ifp > 679, every deg. 7 form f € Qplxo, ..., Za9] has nontrivial zero in
Qp-

In degree 7, our work builds upon the base strategy by employing an effective Bertini theorem. The classical
Bertini theorem states that if Xy is a smooth irreducible hypersurface, then generically the intersection with
a hyperplane remains smooth and irreducible. However, when working over the finite field I, it is possible
that no single such hyperplane exists; an effective Bertini theorem reveals how large p must be before the
existence of such a hyperplane is guaranteed. Wooley used an effective Bertini theorem to reduce to a plane
curve, where point counting techniques are especially effective, to answer Question 5 in degrees 7 and 11
when p is sufficiently large. To improve on this, we give a novel effective Bertini theorem [BK25a] enabling us
to ensure the presence of singular F,-points on our plane curves, thereby improving the point counts.

2.3. Future directions. We are actively working on extending Theorem 6 to p < 5. A next step is to search
over a family of quintic forms over F5 in 5 variables, in hopes of showing all members have a nonsingular
zero. Further theoretical and computational innovation has the potential to yield an exciting breakthrough
for p < 5, with the potential to definitively settle Question 5 in the quintic case.

Theorems 3, 6, and 7 also suggest a number of other promising directions.

e Does the local probability pg ,(p) have a nice description for d > 37 Do these probabilities enjoy the
same uniformity as their cubic counterparts, at least when p is large? How large?

e Wooley also gave an answer to Question 5 in degree 11 when p is large [Woo08]. Can this be improved,
possibly using the refined effective Bertini theorems used to prove Theorem 77

e Artin’s conjecture and Question 5 have analogues for simultaneous zeros of forms. Can we leverage
Bertini theorems or computational techniques to answer them or improve existing results (e.g. [Zah11])?

Variations on this theme of local solubility in families of equations would make an ideal student project.
Armed with little more than a working knowledge of p-adic numbers, such a project would suit a wide range
of backgrounds and interests, from algebraic geometry to computational number theory.

3. GENERALIZED FERMAT EQUATIONS

Given natural numbers p, ¢, r, a generalized Fermat equation is given by
Ax? + By +Cz" = 0. (2)

Much study has been made of integer solutions (z,y, z) to (2); most famously, Fermat’s last theorem states
that for p = ¢=r > 3 and A, B,C = 1, the only solutions satisfy xyz = 0. More generally, Darmon and
Granville [DG95] showed that when % + % + % < 1, a generalized Fermat equation has at most finitely many
primitive integer solutions. If zlv + % + 1 > 1, then (2) has either no solutions or infinitely many [Beu9s].
In the latter case, to determine the existence of integral solutions (hence infinitely many) to a generalized
Fermat equation, we associate to ) a geometric object whose integral points J(Z) are in bijection with
solutions to (2). This Y naturally has the structure of a stacky curve, owing to the fact that (2) is not



necessarily homogeneous; in this case, the stacky structure is essentially carrying out extra bookkeeping to
keep track of a relevant weighted group action.

Nevertheless, ) enjoys many familiar features of ordinary algebraic curves, and Questions 1 and 2 are
easily translated to integral points in this setting. In particular, there is a notion of a local-to-global principle
for integral points: if (2) has solutions in the p-adic integers Z, for all p, as well as real solutions, we say Y
is everywhere locally soluble; if everywhere local solubility implies Y(Z) is nonempty, then ) satisfies the
local-to-global principle for integral points. Bhargava and Poonen [BP22] gave novel examples of stacky
curves which fail this local-to-global principle, which were further explored by Santens [San23].

In [DRKK™], we consider the family of generalized Fermat equations given by

Vp.c: x* + By? = Cz".

In the vein of Question 1, or aim is to determine when Vg ¢(Z) and Vg ¢(Z,) are nonempty.

To understand the local situation, we give a complete characterization of (B, C') for which Yg «(Z,) # 0,
in terms of p-adic valuations and quadratic residues. To find integral points, we offer an approach inspired
by classical methods from algebraic curves, adapted to the more general setting of stacks. In particular, we
perform an explicit descent, in which we characterize integral points in Vg ¢(Z) as lying in the image of finitely
many maps from algebraic curves Cq4; here the parameter d is a class in K> /(K *)™ for the quadratic field
K = Q(v/—B), satisfying some additional conditions. An upshot of our analysis is an equivalent interpretation
in terms of the class group of K, CI(K), described below in Theorem 8.

Theorem 8 (Duque-Rosero-K.—Kobin—Roy—Sankar-Wang [DRIKK ™, Theorem A]). Let B =1,2 (mod 4) be
squarefree and suppose C is squarefree and coprime to B. Set K = Q(v/—B). There exists an explicit finite
set Ap.c C K*/(K*)", depending on B, C,n, such that the following are equivalent:

(i) Yp,c(Z) # 0;
(i1) Ag.c # 0 and C is not divisible by any inert primes of K ;
(iii) C factors over O as COx = JyJ_, where J1, JJ_ are conjugate and coprime, such that [J+] € nCl(K).

The equivalence of (i) and (iii) above was known previously in limited cases due to Darmon and Granville
[DGI5, Prop. 8.1]. The geometric origin of (ii) recovers this equivalence while adding the geometric context.
We are also able to remove the squarefree hypotheses on B and C' and produce an algorithm for determining
whether or not Vp ¢ satisfies the local-to-global principle for integral points in much greater generality.

Motivated by Question 2, we also consider how often Vp,c satisfies the local-to-global principle. To answer
this question, we count the number of (B, C) for which Vg ¢ has an integral point,

Nu(T) = #{(B,C) € Z* : |B|,|C| < T, Yp,0(Z) # 0},

and similarly NX¢(T) counts those which have points everywhere locally. In contrast to the situation of
hypersurfaces explored in §2, it turns out that Vg ¢ has points locally 0% of the time; more precisely, N°¢(T')

grows like 72 /y/logT [DRKIK ", Theorem C]. Of these, however, it turns out a positive proportion have
integral points when n = 3.

Theorem 9 ([DRKIK ™, Theorem D]). Forn =3, at least 0.988% of everywhere locally soluble Yp ¢ satisfy
the local-to-global principle for integral points.

A similar result holds for odd primes n > 3, conditional on an estimate for the average n-rank of class
groups of quadratic fields, which follows from the Cohen-Lenstra heuristics.

3.1. Future directions. In ongoing work, we are considering how similar methods shed light on a local-to-
global principle for primitive integral solutions to (2) with (p,q,r) = (3,3,2). There, the relevant cover has
group Z/27 x Z/27Z (as opposed to Z/nZ), and the 2-part of the class group of a cubic extension appears to
be related to obstructions to the local-to-global principle for integral points.

The statistical result [DRKIK", Theorem C] for N°¢(T) fits into a larger program of studying local
solubility in families, where existing literature (e.g. [BBL16, 1.516]) focuses on families of varieties, rather than
stacks. Our results, together with preliminary results on generalized Fermat equations with (p, ¢, ) = (m, m,n)
more generally, suggest these statistics may behave differently in the setting of stacks.

Question 10. Given a family of stacky curves (or more generally stacks) parametrized by a fibration Y — A™,
how many have integral points everywhere locally?



4. SUPERELLIPTIC CURVES

Let m > 2 be a positive integer and m | d. A superelliptic curve C;/Q is given by an equation

Criy™ = fla.2), (3)

where f is an integral binary form of degree d. When m = 2, Cy is known as a hyperelliptic curve. Much
like quadratic (and cyclic) extensions are the first nontrivial examples of field extensions, hyperelliptic (and
superelliptic) curves are in some sense the simplest family of curves beyond the projective line P*.

4.1. Local solubility. In the spirit of Question 2, we ask how often C given by (3) has a rational point. In
the hyperelliptic case, cornerstone work of Bhargava, Gross, and Wang [BGW17] shows that when suitably
counted, a positive proportion of Cy fail the local-to-global principle for rational points. In fact, they go
further to show that a positive proportion of C'y have no K-points for any odd degree field extension K/Q.
For m > 2, however, even the very first step of their approach — determining how often C is everywhere
locally soluble — remained open. In joint work with Beneish [BK23], we study the proportion of superelliptic
curves over ( which are everywhere locally soluble.
This proportion, denoted pgﬁ, represents the probability that for a randomly chosen degree d form f,
the superelliptic curve C is everywhere locally soluble. This is defined in a similar manner as in the case of
hypersurfaces discussed in §2. Also like the case of hypersurfaces, p,, 4 is nonzero and can be expressed by a
product of local probabilities p,, 4(p) and py, ¢(c0) which capture the likelihood of C; having p-adic and real
points, analogous to (1).

Theorem 11 (Beneish-K., [BK23, Theorem A]). For all m > 2 and d such that m | d and (m,d) # (2,2),

P = pm.a(00) TT, Pm.a(p) > 0.

By studying F,,-points on the reduction of Cy modulo a prime p, we can determine when they give rise to
a Qp-point of Cy, leading to effective bounds for p,, 4(p). In the case of (m,d) = (3,6), we determine p, a(p)

exactly for all p, yielding a numerical result for pg’%s.

Theorem 12 (Beneish-K., [BK23, Theorem C]). For 96.94% of sextic forms f(x, z), we have Cy: y* = f(x, 2)
18 everywhere locally soluble.

More precisely, we give explicit rational functions Ri(t), Ra(t) for which p3¢(p) = R;(p) whenever p =4
(mod 3) is sufficiently large. Considerable care and additional computations are needed to determine ps ¢(p)
for small primes p, as they do not conform to the same formulae.

Contrast this to the situation of cubic hypersurfaces in Theorem 3: while there is some uniformity
in pse(p), the dichotomy between residue classes modulo 3 is a considerable departure from Theorem 3.
Moreover, the limited uniformity does not extend to the smallest primes; this is a consequence of the existence
of curves C'y with Cf(F,,) = () for small primes p, something which does not occur for cubic hypersurfaces!

4.2. Fields generated by points. Suppose C is a curve defined over Q. We say a number field K/Q is
generated by a point of C' if it is the minimal field of definition for a K-point of C. We can count these
number fields of degree n by their discriminant,

Npo(X) = #{K/Q: K =Q(P), [K:Q] =n, |Disc(K)| < X}.

We can also impose conditions on the Galois group, with N,, ¢(X, G) denoting the number of those extensions
also satisfying Gal(l?/@) ~ (G, with K denoting a Galois closure of K.

In their paper on Diophantine stability, Mazur and Rubin [MR18] ask to what extent the set of fields
generated by algebraic points of C' determines the curve C. When C' is an elliptic curve, studying how the
rank changes upon field extension has recently led to an answer to Hilbert’s tenth problem over rings of
integers of number fields: there does not exist a general algorithm to decide whether a Diophantine equation
has a solution in O [KP25]. Motivated by this, we ask how this set of fields grows, i.e. how does N, ¢(X)
grow as X — oo? This can be viewed as a modification of our guiding Question 1.

In [Key22], I proved an asymptotic lower bound for N, ¢(X,S,) when C' is a hyperelliptic curve. Joint
with Beneish in [BI(26], we consider the case of C'= C a superelliptic curve and give asymptotic lower bonds
for N, ¢(X) in this larger family. The main results of both papers are summarized in the following theorem.



Theorem 13 (K., Beneish-K.). Let C be a superelliptic curve and n sufficiently large. Then we have
Npo(X) > X0, (4)
where 6, is an explicit constant depending on m,d, and n, with &, — # as n — oo.

In particular, when n is a multiple of ged(m, d) and sufficiently large, the constant d,, is positive. Thus,
Theorem 13 quantifies that there are many degree n fields K/Q arising from points on superelliptic curves.

To prove Theorem 13, the approach is to produce a family of polynomials of degree n whose roots give
rise to algebraic points on C'. The major challenge is to prove that this family is irreducible, hence it
consists almost entirely of irreducible polynomials. These polynomials can then be counted, adjusting for the
multiplicity of the fields generated, producing the lower bound (4).

Included in [BIK26, §7] is a discussion of whether and how often Cy can have points of degree n which do
not arise as the pullback of a degree n/m point on P1. We highlight here a new result in this direction.

Proposition 14 (Beneish—K., [BK26, Proposition 7.2]). Suppose k is an odd prime and m,d satisfy 4 | m,
m|d, m<k, and n =2k < % — 1. Then for a positive proportion of squarefree degree d polynomials f(x)
ordered by height, the superelliptic curve given by C: y™ = f(x) has at most finitely points of degree n.

4.3. Future directions. Theorems 11 and 12 suggest a number of follow up questions. Among them is
Question 2 for superelliptic curves with (m,d) = (3,6).

Question 15. What proportion of superelliptic curves Cy with (m,d) = (3,6) have a Q-point?

Since we now know how often such curves are everywhere locally soluble, this is equivalent to determining
how often they fail the local-to-global principle for rational points. Equally interesting would be to relax this
question and study how often C has a K-point over a field K/Q of degree coprime to m, generalizing the
work of Bhargava, Gross, and Wang in the hyperelliptic case [BGW17].

Question 16. How often does a superelliptic curve Cy with (m,d) = (3,6) have a K-point for a field K/Q
with degree coprime to 3¢

One approach to Question 16 is to explore explicit descent methods for Picl(C’f) developed by Creutz
[Crel3, Cre20]. When m = 3, C has no K-points for K /Q of degree coprime to 3 if and only if Pic' (C)(Q) =
(), as is the case for e.g.

Cp:y® =328 4 2* + 423 4 222 + 42 + 3) (see [Crel3, Example 7.3]).

Performing larger-scale computations in these families could help us to make precise conjectures.
In another direction, we want to understand the Galois groups of fields generated by points.

Question 17. What can we say about N, o(X,G) for various subgroups G C S, ?

In the hyperelliptic case, the lower bound (4) holds for N, ¢(X,S,) [Key22, Theorems 1.1, 1.2]. We
expect the same holds for superelliptic curves more generally. It would also be of interest to understand when
proper subgroups G C S,, occur often as the Galois group of a field K generated by a point on C, and to
count N,, (X, G). A problem of this flavor is well suited to an advanced undergraduate student with some
background in Galois theory.

5. FURTHER TOPICS

5.1. Mertens’ product theorem for Chebotarev sets. In his classical product theorem, Mertens studied
the rate at which the Euler product of the inverse of the Riemann zeta function approaches zero,

-

1
H<1>~e , asx — oo, (5)
p log x

p<w

Here ~ is the Euler constant. In some sense, (5) captures the fact that for integers in the interval (v/z, x),
the probabilities of being divisible by distinct primes fail to be independent; if they were independent, then

we would expect this to agree with loéx the density of primes given by the prime number theorem!




Mertens’ theorem has been generalized appropriately to number fields, varieties over finite fields, and
primes in congruence classes [R0s99, Leb07, Wil74]. In a joint publication with Santiago Arango-Pifieros and
Daniel Keliher [APKK?22], we extend it further to Chebotarev sets of primes in a number field and give a
power saving error term.

More precisely, fix a Galois extension of number fields E/F with group G. If C' C G is a conjugacy class,

let C(x) denote the set of unramified primes P in Op with Frobenius Frobp = (%) = (C and bounded
norm NP < z.

Theorem 18 (Arango-Pifieros—Keliher-K., [APKIK22  Theorem A]). As x — oo, we have
1 —y(E/F,C)\ |CI/IG] 1

I (wp) = (o) 0 (aere)

PecC(z)

The implied constant depends on the extension E/F and C. Furthermore, the constant e~ VE/EC) s given by

1 a(E/F,C;P)
—Y(E/F.C) _ ,—F _ =
e e H (1 NP>
Pexp

where yp = v + log »p, with g denoting the residue of the Dedekind zeta function (r(s) at s =1, and

71, P | A?
o(B/F,C;P) =4 {& —1, Frobp =C,
—1, FI“Obp 75 C.

The proof of Theorem 18 involves studying several Euler products and using the orthogonality of characters.
Extra care must be taken when the group G has representations of dimension greater than one. Theorem
18 may be applied to produce a version of Mertens’ product theorem over primes represented by quadratic
forms; see [APKK22, Corollary 4.2].

5.2. Arithmetical structures on graphs. Given a graph G, an arithmetical structure on G is a solution
to a system of linear equations with integer coefficients related to the adjacency matrix of G. A well known
special case is the graph Laplacian, which is related to the classical chip-firing game; for more, see e.g. [GK20].

While interesting as purely combinatorial objects, arithmetic structures were originally introduced in the
context of arithmetic geometry, specifically, to study special fibers of models of curves [Lor89]. Lorenzini
showed for a graph with finite vertex and edge sets, the set of arithmetical structures, A(G), is finite [Lor89].
Beyond this, little is known outside a few special cases:

e if G is a path or cycle #A(G) may be computed exactly [BCC™ 18],
e if G is a bident graph, there are known bounds for #A(G) [ABDL " 20], and
e if G is a path with one doubled edge, there are conjectured asymptotics for #A(G) [GW19].

In joint work with Tomer Reiter [[KR21], we give the first known general upper bound for #A(G) when G is
a graph on n vertices with edge set F(G).

Theorem 19 (K.—Reiter, [KR21]). Let G be a connected, undirected graph on n vertices, with no loops but
possible multiedges. Then the following is an upper bound for the number of arithmetical structures on G.

1.5381log(2)

' n— n—
#A G < l . #E' G 2" -1 . #E G 2 1'('nfl)log(2)+log(log(#E(G))) .
2

The proof of Theorem 19 relies on inductively applying a smoothing process to reduce the number of
vertices, reminiscent of a strategy used in [BCCT 18, ABDLT20]. In special cases, it is inverse to a blowup
construction [Lor89] and extends observations about how the clique-star transformation interacts with
arithmetical structures [CV18].

Questions related to arithmetical structures on graphs are readily accessible to undergraduates. One
potential avenue for undergraduate involvement is to consider them in families, as proposed below.

Question 20. Fiz a family of graphs G,, with n vertices. Determine (or bound) the asymptotic growth rate
of #A(Gy,). If a graph G is chosen at random in some appropriate sense, how is #A(G) distributed?
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